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Numerical Simulation of Inviscid Incompressible
Two-Dimensional Airfoil–Vortex Interaction in Ground Effect
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and
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A numerical inviscid vortex method is employed to study the unsteady, two-dimensional, incompressible � ow
that occurs during an airfoil–vortex interaction in the vicinity of a ground plane. The airfoil bound vorticity is
modeled using a panel method with linear piecewise-continuous vorticity distribution. The vortex is considered to
be a point vortex, and the ground effect is obtained using the method of images. Point vortices are also generated at
the airfoil trailing edge to ensure that circulation is conserved and that the Kutta condition is satis� ed. All vortices
are convected using a � rst-order Lagrangian time-marching scheme. After code validation, numerical results for
the airfoil–vortex interaction in ground effect reveal that the loading on the airfoil is affected by the thickness,
angle of attack, and height of the airfoil above the ground, as well as the vortex strength, direction of rotation,
and distance to the airfoil. The wake evolution is nonlinear and strongly in� uenced by the interaction, whereas the
pressure distribution on the ground presents steep adverse gradients.

Nomenclature
A, B = in� uence coef� cient matrices
Ca = airfoil contour
Cl , Cm = lift and pitching moment coef� cients
C p = pressure coef� cient
c = airfoil chord
H = minimum airfoil–vortex height
h = height of the airfoil to the ground
hg = chord-to-wall clearance ratio
hv = dimensionless H
K = interaction parameter
Ka = apparent interaction parameter
l = lift force
M = number of time steps
m = pitching moment
N = number of panels on airfoil surface
n = unit normal vector
P = path of integration
p = pressure � eld
S = panel length
s = tangential coordinate
s = unit tangential vector
t , 1t = time and time-step
U1 = freestream speed of uniform � ow
u, v = horizontal and vertical components of u
u = velocity � eld
x , y = horizontal and vertical components of x
x = Cartesian coordinate
® = angle of attack
¯ = extra panel angle with the x axis
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0 = vortex strength
° = vorticity per unit length
" = airfoil thickness
µ = airfoil panel angle with the x axis
½ = � uid density
Á = velocity potential
! = vorticity � eld

Subscripts

a = airfoil surface
g = ground surface
i; j; k = summation indexes
im = image
l = lower
te = trailing edge
u = upper
v = main vortex
w = wake
0 = initial condition
1 = freestream � ow

Introduction
The study of the unsteady, incompressible,two-dimensional� ow

resulting from airfoil–vortex interaction in ground effect (AVIG)
� nds application in many engineering problems. Short thin plates,
known as large-eddy breakup devices (LEBUs) or � ow manipula-
tors, are placed in a turbulent boundary layer above a large plane
wall to reduce the drag per unit area on the wall. The reduction in
drag per unit area persists downstream of the plate, as con� rmed
by experiments.1;2 On the other hand, the effect of vorticity dis-
turbances passing around an airfoil in the vicinity of a wall causes
� uctuatingaerodynamicforceson both the airfoiland the wall. If the
vorticity disturbance is idealized as a free two-dimensionalmoving
vortex, the interaction changes the vortex trajectory, which feed-
backs the interaction again. As pointed out by Gebert and Atassi,3

the understandingof AVIG � ows also applies to structuresin ground
transportationor on the top of buildings subject to atmospheric tur-
bulence, ships in restricted waters, and wings during takeoff and
landing. In this latter case, the � ow around a wing in ground ef-
fect craft4 is strongly affected by the interaction with an oncoming
vortex. Panaras5 cites the � ow inside a turbomachine as one of his
motivationsto devisea numericalmodelof blade–vortexinteraction.
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This � ow is characterized by the interaction of vortices generated
upstream with a rotor blade, generally occurring in close proximity
to the turbomachine casing, which can be modeled as a large wall.
Despite the � ow complexities, a two-dimensional inviscid model is
able to capture most of the important phenomena that take place in
the real � ow.

The AVIG � ow may be thoughtof as a combinationof three� ows:
airfoil–vortex interaction (AVI), airfoil–ground interaction (AGI),
and vortex–ground interaction (VGI). A large number of papers
on the unsteady, incompressible, two-dimensional AVI � ow have
been published. Within the context of the (two-dimensional)paral-
lel AVI that occurs around helicopter rotors, known as blade–vortex
interaction (BVI), Panaras,5 Poling et al.,6 and Lee and Smith,7

among others, have devised numerical models based on the invis-
cid discrete vortex method coupled with linearized potential � ow
theory or panel methods. More elaborate numerical models have
also been employed, such as those based on Euler (see Ref. 8) and
Navier–Stokes (see Ref. 9) mesh-based methods. Detailed experi-
mental investigationson theaerodynamicsof parallelBVI havebeen
performed by Seath et al.,10 Straus et al.11 and Chen and Chang.12

See the review articles of McCune and Tavares13 and Mook and
Dong14 for additional referenceson unsteady, incompressible� ows
over airfoils and the numerical simulation of wakes and BVI.

The steadypotential� ow arounda thinairfoil in groundeffect, the
AGI � ow, has been treated analyticallyby Havelock15 and Green.16

Widnall and Barrows17 � nd an analytical solution using thin-airfoil
theory and the method of asymptotic expansions for small airfoil
thickness, angle of attack, and chord-to-wall clearance ratio. Sim-
ilarly, Plotkin and Kennell18 obtain an asymptotic series for small
valuesof theairfoil thicknessandangleof attack,but for largevalues
of thechord-to-wallclearanceratio.Dragos19 integratesnumerically
the thin-airfoil equation using Gauss-type quadrature formulas, but
the solution is also valid for large chord-to-wall clearance ratios.
More recently, Coulliette and Plotkin20 revisit the airfoil in ground
effect problem, both analytically and numerically, and obtain ana-
lytical solutions based on asymptotic series valid near and far from
the groundand numerical resultsusinga linearvortexpanelmethod.
Colliette and Plotkin show that, for small valuesof camber and angle
of attack, normalized lift is enhanced near the ground and reduced
far from it, whereas for a � xed distance above the ground, nor-
malized lift decreases with increasing angle of attack and camber.
Thickness reduces lift at all heights above the ground.

The interactionof a vortex and a ground plane, the VGI � ow, has
also been extensivelystudied in the literature. The inviscid interac-
tion of a point vortex and a wall can be easily treated by potential
� ow theory with the aid of complex variable theory and the method
of images, as shown by Milne-Thomson.21 This � ow is character-
ized by a strong suctionpeak underneaththe vortex,as seen from an
observer � xed to the vortex center. In a viscous � ow, this pressure
distribution may cause � ow separation in the wall boundary layer,
dependingon the vortexstrengthand vortexdistanceto ground.This
so called vortex-inducedseparationcauses the boundary-layer� uid
on the upgoing side of the vortex to erupt into the irrotational � ow,
changingthe entire � ow� eld. Viscousvortex–wall interactionshave
been treated numerically by many authors, and a very comprehen-
sive review of these articles can be found by Doligalski et al.22

For the more complex AVIG � ow, which combines all three prob-
lems, not many theoreticalworks have been developed. In the con-
text of LEBU devices,Dowling23 uses linearizedpotential � ow the-
ory to analyze the passage of a point vortex over a splitter plate. In
the model problem, the � ow around a thin � at plate in ground effect
is perturbed by an oncoming line vortex. Balakumar and Widnall24

also use potential � ow theory to treat analytically the unsteady,
two-dimensional, inviscid and incompressible � ow around a thin
� at plate immersed in a sinusoidal vortical disturbance in ground
effect. Also employing potential � ow theory, Gerbert and Atassi3

use Sears functions to study the same two-dimensionalproblem and
focus their analysison the dependenceof the � uctuating lift and ve-
locity � eld on the frequency of the vortical disturbance. It is clear
that important aspects of AVIG � ows have not yet been accounted
for in the literature,such as the effect of the geometricalparameters,

angle of attack, and the nonlinear wake interaction on the � ow as a
whole.

Thus, we propose a more elaborate numerical model to simulate
the interactionof an airfoil and a vortex in ground effect. Our model
is an extensionof the one developedby Fonseca et al.25 to study the
AVI � ow. We employ a linear, piecewise-continuous vortex panel
method to discretize the airfoil bound vorticity, whose strength is
found by enforcing the impermeability conditionon the airfoil con-
trol points.The Kutta conditionis imposed throughthe continuityof
the pressure� eld at the airfoil trailing edge, combinedwith Kelvin’s
circulation theorem; this procedureprovides a model for the vortex
shedding mechanism at the trailing edge, responsible for the injec-
tionof vorticityinto the wake.The main vortex that interactswith the
airfoil and the vorticity in the wake are modeled as two-dimensional
point vortices. All of the vortices in the � ow are convected using
a � rst-order Lagrangian time-marching scheme. We present results
for the aerodynamic loadings on the airfoil and the ground, as well
as for the wake con� guration during the AVIG � ow.

Mathematical Model
We consider a two-dimensional airfoil with chord c immersed in

a uniform � ow with freestream speed U1 undergoing a parallel in-
teraction with a main vortex above the ground. The airfoil is placed
a height h above the ground (from the leading edge) and is set at
an angle of attack ®. All variables in the analysis that follows are
nondimensionalizedby U1 and c. The vortex has constant dimen-
sionlessstrength0v (clockwise rotationconsideredpositive),which
occupies the position [xv.t/; yv.t/] at time t . The ground is viewed
as an in� nite plane wall. Figure 1 shows the � ow geometry and the
Cartesian coordinate system used. We assume the � ow to be two
dimensional, unsteady, incompressible, and inviscid. For this � ow,
the velocity � eld must satisfy the continuity and Euler equations
and the associated boundary conditions.

In the � uid region,

r ¢ u D 0 (1)

In the � uid region,

@u
@t C u ¢ ru D ¡r p (2)

On the airfoil surface,

u ¢ na D 0 (3a)

On the ground surface,

u ¢ ng D 0 (3b)

At in� nity,

juj ! 1 (3c)

The real � ow has nonzerovorticity in the core of the main vortex,
in the airfoil and ground boundary layers, and in the airfoil wake.
We model the main vortex as a point vortex and the wake as an
array of point vortices. The airfoil boundary layer is lumped into
the bound vorticity attached to the airfoil surface, and we disregard
the boundary layer on the ground. Thus, our � ow is rotational, and

Fig. 1 Schematic of the � ow geometry.
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we use the inviscidvorticitytransportequation,which canbe written
as

D!

Dt ´
³ @

@ t C u ¢ r
´

! D 0 (4)

In a two-dimensional � ow, ! is the only nonzero component of
the vorticity vector, namely, the component normal to the plane
of the � ow, and, therefore, is a scalar quantity. In a Lagrangian
representation,Eq. (4) states that the rate of change of ! following
a � uid particle is zero, and the vorticity moves with the � uid. This
allows us to usea Lagrangiantime-marchingschemeto convecteach
point vortexby solvingthe system of ordinarydifferentialequations
(ODEs) for their positions,

dxv

dt D uv[xv .t/; t ] (5)

The airfoil boundary layer is accounted for by integrating the
vorticity over the boundary layer, in the limit as its thickness goes
to zero. It can be shown13 that the airfoil bound vorticity per unit
length ° distributed along the airfoil surface is given by

° .s; t/ D u ¢ sa (6)

Away from the airfoil surfaceand the pointsoccupiedby the main
and wake vortices, the � ow is irrotational,and we can write Eqs. (1)
and (3) in terms of the velocity potential Á as follows.

In the � uid region,

r
2Á D 0 (7a)

On the airfoil surface,

rÁ ¢ na D 0 (7b)

On the ground surface,

rÁ ¢ ng D 0 (7c)

At in� nity,

jrÁj ! 1 (7d)

Becauseof the linearityof the boundary-valueproblem(7), Á can
be written as a superpositionof solutions in the form

Á D Á1 C Áv C Áa C Áw C Ág (8)

so that each contribution on the right-hand side of Eq. (8) satis� es
Laplace’s equation(7a).The freestreamand the mainvortexvelocity
potentials are given, respectively,by

Á1 D x (9a)

Áv D
0v

2¼
tan¡1

µ y ¡ yv .t/

x ¡ xv .t/

¶
(9b)

The airfoil velocity potential due to the bound vorticity on the
airfoil surface is found using the vortex panel method, where the
airfoil contour is discretized into N small straight panels with vor-
ticity distributed along the panel length. Thus, Áa can be written
as

Áa D
1

2¼

NX
i D 1

Z

Si

°i .si ; t/ tan¡1
µ y ¡ yi .si ; µi /

x ¡ xi .si ; µi /

¶
ds (9c)

The wake velocity potential comprises two terms: one corre-
sponding to (M ¡ 1) point vortices generated at previous times
t1; : : : ; tM ¡ 1 and the other due to the amount of vorticity 10w shed
at time tM from the airfoil trailing edge. We model 10w as an extra
panel with constant vorticity distribution per unit arc length °w and
length Sw , where 10w D °w Sw . At time tM C 1, the extra panel is

transformed into a discrete vortex with strength 0w D 10w , and a
new extra panel is created. Hence, Áw at tM can be written as

Áw D ¡
1
2

°w

Z

Sw

tan¡1
µ y ¡ yw.sw; µw; t/

x ¡ xw.sw; µw; t/

¶
ds

C
M ¡ 1X
k D 1

0w;k

2¼
tan¡1

µ y ¡ yw;k.t/

x ¡ xw;k.t/

¶
(9d)

The effect of the ground plane on the � ow may be taken into
account using the method of images, which consists of adding a
re� ected � ow (with respect to the x axis) to the original � ow. Thus,
the ground velocity potentialÁg is expressed as a sum of the mirror
images of the main vortex, the airfoil, and the wake potentials, that
is,

Ág D Áv;im C Áa;im C Áw;im (9e)

Re� ection with respect to the x axis means that the signs of
all of the vortex strengths must be changed, and their positions
(xv; yv/ in Eqs. (9b–9d) must be replaced by (xv;im, yv;im/, where
xv;im D xv , yv;im D ¡.yv C 2hg/, and the chord-to-wall ratio is de-
� ned as hg D h=c. Equations (9b–9e) individuallyvanish at in� nity
and, therefore, do not affect the boundary condition (7d), which
is satis� ed by Eq. (9a). Also, with the inclusion of Eq. (9e), the
boundary condition (7c) is automatically satis� ed for all times. It
remains to enforce boundary condition (7b) on the airfoil to deter-
mine the unknown Áa (and its image). Using Eqs. (8) and (9e), we
write Eq. (7b) as

.rÁa C rÁv C rÁw C rÁa;im C rÁv;im C rÁw;im C rÁ1/ ¢ na D 0

(10)

For the solution to be unique, the Kutta condition needs to be
imposed,which requires the continuityof pressureacross the airfoil
trailing edge. The unsteady Bernoulli equation, obtained from inte-
gration of the Euler equations (2), can be written for the pressure
coef� cient C p as

C p ´
p ¡ p1
1=2½U 2

1
D 1 ¡ u ¢ u ¡ 2

@Á

@ t D 1 ¡ rÁ ¢ rÁ ¡ 2
d

dt

Z

P
rÁ ¢ ds

(11)

The path P is taken from a point far upstream from the leading
edge to a point on the airfoil surface. Evaluating Eq. (11) at the
upper and lower surfaces of the trailing edge and applying the Kutta
condition, we have

d

dt
.Áu;te ¡ Ál;te/ D

1

2
.rÁl;te ¢ rÁl;te ¡ rÁu;te ¢ rÁu;te/ (12)

The quantity (Áu;te ¡ Ál;te/ is related to the circulation0a around a
contourCa that enclosesonly the airfoil via the followingequation:

0a.t/ ´
I

Ca

u ¢ ds D
I

Ca
rÁ ¢ ds D Áu;te.t/ ¡ Ál;te.t/ (13)

DifferentiatingEq. (13) with respect to t and using Eqs. (12) and
(6), we obtain

d0a

dt D
1

2
.rÁl;te ¢ rÁl;te ¡ rÁu;te ¢ rÁu;te/ D

1

2
¡° 2

l;te ¡ ° 2
u;te

¢ (14)

The variationof 0a with time can be written in terms of the dimen-
sionlessvortex, airfoil, and wake circulationsapplyingKelvin’s cir-
culation theorem. If the initial circulationin the � ow, 00, is given by
00 ´ 0.t D 0/ D 0v D const,which is the initialconditionused in the
computations, and the total circulation is 0v C 0a.t/ C 0w.t/ D 00,
then we can write

d0a

dt D ¡
d0w

dt
(15)
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which determines the amount of vorticity shed at the trailing edge
and, therefore, provides a model for the generation of the vorticity
that forms the wake.

With Eq. (11), the lift and pitchingmoment coef� cients are given,
respectively, by

Cl ´
l

.1=2/½U 2
1

c D
I

Ca

° 2.s; t/ sin µ.s/ ds

C 2
d

dt

I

Ca

sin µ.s/
Z s

0

° .»; t/ d» ds (16a)

Cm ´
m

.1=2/½U 2
1

c2 D
I

Ca

° 2.s; t/x.s/ sin µ .s/ ds

¡
I

Ca

° 2.s; t/y.s/ cos µ.s/ ds C 2
d

dt

I

Ca

x.s/ sin µ.s/

£
Z s

0

° .»; t/d» ds ¡ 2
d

dt

I

Ca

y.s/ cos µ.s/
Z s

0

° .»; t/ d» ds

(16b)

The lower limit of integration in the innermost integrals corre-
sponds to the lower trailing edge. The moment is positive in the
clockwise direction and is calculated about the leading edge.

Numerical Scheme
The airfoil velocitypotentialÁa is calculatedusing a vortex panel

method. The airfoil contour is discretizedinto N small panels, with
a higher concentrationof panels in the neighborhoodof the leading
and trailing edges. Each panel has a linear distribution of vortic-
ity along its length in the form °i .si / D °i C .°i C 1 ¡ °i /.si =Si /, so
that it is piecewise continuous at the panel endpoints (or nodes).
Thus, the integral in Eq. (9c) can be evaluated, and the normal
component of the velocity induced by the i th panel at the mid-
point (control point) of a j th panel can be written in matrix form
as

.rÁa ¢ n/i D
N C 1
X
j D 1

Ai j ° j (17)

The in� uence coef� cients of Eq. (17) can be found in Mook and
Dong13 or Katz and Plotkin.26 To write °w in terms of °1 and °N C 1 at
the trailingedge,we discretizethe Kutta conditiongivenby Eq. (14)
in the form

10a ´ 0a.tM / ¡ 0a.tM¡1/ D
1
2
1t¡° 2

l;te ¡ ° 2
u;te

¢

D .°l;te ¡ °u;te/f[.°l;te C °u;te/=2]1tg (18)

where 0a.t/ is given by

0a.t/ D
1
2

N
X
i D 1

.°i C °i C 1/Si

From Eq. (18), we use the relations°l;te D ¡°1 and °u;te D °N C 1 and
de� ne °w , which is constant along the extra panel, by

°w ´ .°l;te ¡ °u;te/ D ¡.°1 C °N C 1/ (19)

Equation (15) for the conservationof circulationallows that 10w

be expressed as

10w ´ °w Sw D ¡10a (20)

When Eqs. (19) and (20), are used, Eq. (18) can be written as

10w D .°1 C °N C1/Sw (21a)

where the length of the extra panel is de� ned as the term in the
braces of Eq. (18), that is,

Sw ´ [.°N C 1 ¡ °1/=2]1t (21b)

The angle between the extra panel and the x axis, ¯w , is deter-
mined by ensuring that the shed vorticity leaves the trailing edge
along a local instantaneousstreamline, that is,

¯w D tan¡1.vw=uw/ (22)

The (N C 1) unknown °i are now determined from the imper-
meability boundary condition Eq. (10), which is imposed on the N
airfoil control points. With the aid of Eqs. (9) and (21a) the remain-
ing terms of Eq. (10) can be written in matrix form for the i th panel
as follows:
N C 1
X
j D 1

Ai j ° j C .°1 C °N C 1/Aw;i C Bv;i 0v C
M ¡ 1
X
k D 1

Bw;i k0w;k

C
N C 1
X
j D 1

Ai jim ° j C .°1 C °N C 1/Aw;iim C Bv;iim 0v

C
M ¡ 1X
k D 1

Bw;ik im 0w;k C .rÁ1 ¢ n/i D 0

i D 1; 2; : : : ; N (23)

The terms on the left-hand side of Eq. (24) correspond to the
airfoil panels, the extra panel, the main vortex, the wake vortices,
their images, and the uniform� ow, respectively.To render the linear
system of algebraic Eqs. (23) determined, which comprise N C 1
unknowns and only N equations, we include Eqs. (21) and (22),
which add the two unknowns Sw and ¯w . The computationsare per-
formed by iteration so that Sw and ¯w are � rst guessed, yielding a
system with N C 1 equations and N C 1 unknowns. After the solu-
tion is obtained,Eqs. (21b) and (22) are used again to recalculate the
values of Sw and ¯w . This procedure is repeated until both variables
converge.25 As soon as the computations at time tM converge, the
pressure distribution and the lift and pitching moment coef� cients
on the airfoil are calculated.The main vortex and the wake vortices
are then convectedusing a � rst-order Euler time-marching scheme,
obtained from a discretizationof Eq. (5) in the form

xv.t C 1t/ D xv.t/ C uv.xv; t/1t (24)

with initial condition .xv0; yv0/ at t D 0 for the main vortex (point
where the main vortex is released in the � ow). The wake extra panel
is transformed into a point vortex with strength 0w D 10w and is
convected using Eq. (24). At the end of the step, the dimension-
less computational time tM is incremented by 1t , and the entire
procedure is repeated.

The loading on the airfoil is obtained by integrating Eqs. (16)
numerically. For the computation of the last term on the right-hand
side of Eq. (11), the path of integration P starts from x1 D ¡2xv0,
on the ground surface, proceeds along the ground to x D 1, goes
straight up to the trailing edge, and follows the airfoil contour up to
the desired panel.

Results and Discussion
Code Validation

The numericalalgorithmdescribedin the precedingsections is an
extension of the mathematical model developedby Fonseca et al.,25

which, in turn, is inspired by the inviscid vortex method devised by
Vezza and Galbraith27 to study unsteady, two-dimensional, and in-
compressible� ows around an airfoil resulting from a step change in
angle of attack, sinusoidal oscillations,and ramp motions. Because
this extendedalgorithmtakes into account the effect of the presence
of the ground plane through the application of the method of im-
ages, it changes neither the time-steppingintegration scheme of the
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ODE system nor the airfoil panel discretization technique. There-
fore, the modi� ed code is still asymptotically � rst order in time
and second order in the number of panels, as shown by Fonseca
et al.25 This implies that the numerical error varies linearly with 1t
and quadratically with 1=N . Assuming that other parameters have
a weak in� uence on the absolute numerical error, de� ned in terms
of 0w , Fonseca et al.25 show that the algorithm converges and that
numerical errors of the order of 10¡4 (or lower) are obtained with
1t D 0:01 and N D 150. We use these values for all runs presented
next.

The code is also validated for three � ows. First, we remove the
ground plane by letting hg go to a large volume and perform the
simulationof a 0–5 degstepchangein theangleof attackfora NACA
0012 airfoil immersed in a uniform � ow. As the simulation evolves
in time, a starting vortex is formed, and the airfoil lift coef� cient
tends to the steady � ow value for ® D 5 deg, comparing very well to
resultsobtainedby Vezza and Galbraith.27 Second,we again remove
thegroundplaneandsimulatethe interactionof a NACA 0012airfoil
set at zero angle of attack with a two-dimensional point vortex that
passes over the airfoil. Two cases are considered: In the � rst, the
vortex has dimensionless strength 0v D ¡0:15 and release point at
xv0 D ¡3:33 and yv0 D 0:24; in the second, 0v D 0:16 with release
point at xv0 D ¡3:33 and yv0 D 0:19. These are the values used in
experiments carried out by Straus et al.11 for a Reynolds number
of 3:75 £ 105. Again the results match the simulations of Fonseca
et al.25 as hg goes to a large volume, which, in turn, compares well
with the experiments. Finally, we remove the vortex and perform
several calculations for a family of symmetrical four-digit NACA
airfoils set at different angles of attack in ground effect. The results
compare well to those of Widnall and Barrows17 and present the
same physical behavior as obtained by Coulliette and Plotkin20 for
a Joukowsky airfoil.

AVIG
The interaction of an oncoming two-dimensional (main) vortex

with an airfoil immersed in a uniform � ow in the presence of a
ground plane comprises three simultaneous interactions:AVI, AGI,
and the VGI. When it is assumed that viscous and compressibility
effects can be neglected and that � ow separationdoes not occur, the
degree of interaction of each one of these three � ows depends on a
particularset of parameters.The unsteadyAVI � owis affectedby the
aerofoilangleofattackandgeometry(pro� le andthickness-to-chord
andcamber-to-chordratios),thevortexstrength,the vortexdirection
of rotation, and the vertical distance between the airfoil and the
vortex. On the other hand, the properties of the steady � ow around
an airfoil in ground effect depend on the chord-to-wall clearance
ratio, in addition to the aerofoil angle of attack and geometry. For
the VGI � ow, the unsteadymotionof a vortexabovean in� nite plane
wall is in� uencedmainly by the vortex strength, the vortex direction
of rotation, and vortex height above the ground. As a consequence,
each � ow has different characteristics.

The AVI � ow is characterizedby a strong variation of the airfoil
loading with time. As the vortex moves past the airfoil from far
upstream following a local streamline, the pressure distributionand
the forces on the airfoil change with time. For negative values of
the vortex strength, the vortex induces a counterclockwiserotating
� ow that adds up to the freestream � ow. When the vortex is up-
stream, it produces a local positive angle of attack on the airfoil,
creating a positive lift that increases and reaches a maximum as the
vortex approaches the vicinity of the leading edge. As the vortex
gets past the airfoil leading edge, the local angle of attack is still
positive in the trailing-edgeregion, but it is negative in the leading-
edge region. The lift coef� cient then starts to decrease at a high
rate of change and reaches a minimum when the vortex is near the
trailing edge. Finally, when the vortex is downstreamof the trailing
edge, the negative values of the lift coef� cient increase again. For
positive values of the vortex strength, the temporal variation of the
lift coef� cient reverses sign. In both situations,the quasi-steadyand
unsteady components of the aerodynamic forces are of the same
order of magnitude. The degree of interaction can be measured
throughan appropriatedimensionlessnumber.Based on the work of

Bodstein et al.,28 Fonseca et al.25 have shown that the in� uences of
thevortexstrengthand thedistancebetweentheairfoiland thevortex
can be inferred by de� ning a nondimensional interactionparameter
K according to

K ´ 0=U1 H D 0v=hv (25a)

wherehv ´ H=c. Alternatively,a secondnondimensionalparameter,
called the apparent interaction parameter Ka , can be de� ned as

Ka ´ 0v=yv0 (25b)

Both parameters, K and Ka , can be interpreted as the ratio of the
longitudinalvelocity inducedby the vortex to the freestreamspeed,
and they indicate that the interaction between the airfoil and the
vortex becomes strong for high values of 0v and/or low values of
hv (or yv0/. Although K provides a measure of the actual degree of
interaction, hv is not known in advance, and the problem must be
solved before K can be evaluated.On the other hand, the parameter
Ka can be calculated without solving the problem. Note that the
model developed here furnishes good results as long as the vortex
does not intercept the airfoil, which happenswhen hv (or yv0/ tends
to zero, and therefore, K (or Ka/ tends to in� nity. In this case, the
viscous vortex core in a real � ow comes in direct contact with the
airfoil’s boundarylayer, and a strongviscous interactiontakesplace,
where the vortex core gets distorted and breaks up into two pieces,
one that moves along the airfoil’s upper surface and another that
moves along the airfoil’s lower surface. Vortex core distortion has
been studied by Lee and Smith,7 without considering the airfoil’s
boundary-layer effect. Interaction of this type is not accounted for
in our model.

In theabsenceof a convectingvortex, the inviscid,incompressible
� ow of a two-dimensional airfoil close to an in� nite wall located
a distance hg ´ h=c below the airfoil leading edge is steady, and it
dependson hg , ®, and the airfoil thickness". The airfoil camber just
adds a local angle of attack and a resulting extra lift, as shown by
Coulliette and Plotkin.20 Physically, the AGI � ow generates suction
in the region between the airfoil and the wall. On a symmetrical
airfoil, the combinedaction of the airfoil thicknessand the presence
of the wall reduces the area underneaththe airfoil, which causes the
� ow to accelerate, the streamlines to approach each other, and the
pressure to reduce. In other words, the ground effect increases as "

increases, for a � xed airfoil height, or as hg decreases, for a � xed ".
If a symmetrical airfoil is placed in ground effect and set at a low
positive value of the angle of attack, the lift coef� cient presents a
different behavior. When hg ! 1, the suction effect caused by the
ground goes to zero, and the lift coef� cient tends to a value slightly
less than the value for the steady � ow around an airfoil at incidence
immersed in an unbounded � uid. As hg is reduced from in� nity,
the value of Cl increases, reaches a maximum, and then decreases.
Whereas the ground effect, considered in isolation, causes suction
underneath the airfoil, the sole effect of the angle of attack is to
increase the lift coef� cient as the ground is brought closer to the air-
foil. This result is shown analytically for a zero-thickness � at plate
at incidence (and for a parabolic-arc airfoil at zero incidence) by
Coulliette and Plotkin20. Therefore, for a nonzero thickness sym-
metrical airfoil, there is competition between the effect of the angle
of attack that increases the lift, for � xed hg , and the suction effect
that decreases the lift as hg ! 0. In summary, the angle of attack
effect becomes important as hg is decreased from a large value and
Cl goes up. Eventually, the suction effect becomes stronger, and the
value of the lift coef� cient goes down to a negative value, with a
point of maximum being reached in between. This behavior is also
observed in our calculations and in the ones reported by Coulliette
and Plotkin (Fig. 11, Ref. 20) for a Joukowsky airfoil.

For the VGI � ow, the third � ow that comprises the AVIG � ow,
a two-dimensional vortex moves above an in� nite plane wall. For
an incompressibleinviscid � ow, the vortex generatesa suction peak
underneath its center, bounded by two regionsof high pressure,one
upstreamand the other downstreamof the peak.The analyticalsolu-
tion to this � ow, expressedfrom a referenceframe � xed to the vortex
center,canbe foundbyMilne-Thomson.21 This pressuredistribution
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moves with the vortex and causes regions of favorable, as well as
adverse, pressure gradients. The degree of interaction depends on
the value of the vortex strength and the height of the vortex above
the ground. These parameters can be reduced to a single interaction
parameter, namely, 0=.U1hv/. For high values of this parameter,
the interaction is strong. If the value of the interaction parameter
is large in a viscous � ow, the boundary layer on the ground would
suffer more severe pressure gradient effects, and separation might
occur in regions of adverse pressure gradients. Doligalsky et al.22

discuss in detail the � ow physics and many numerical solutions
available in the literature for viscous vortex interactionswith walls.

The AVIG � ow encompasses simultaneously the three � ows de-
scribed and, therefore, depends on the entire set of parameters that
in� uence these three � ows. Again, we consider the AVIG � ow to be
two-dimensional, incompressible, inviscid, unsteady, and without
the occurrence of separation. Only one airfoil is chosen, the sym-
metrical NACA 0012, because the thickness ratio only enhances
the suction effect caused by the ground plane on the airfoil lift
coef� cient. Because the vortex is closer to the airfoil than to the
ground, the vortex–ground plane interaction parameter plays a less
important role than the AVI parameter K (or Ka/. Hence, the pa-
rameters that are most important in the � ow are K (or Ka/, hg ,
and ®. In the simulations to come, we adopt the same values of
the vortex strength and release points used in the simulations of
Fonseca et al.25 Two cases are considered. In the � rst, the vor-
tex has dimensionless strength 0v D ¡ 0:15 and release point at
xv0 D ¡3:33 and yv0 D 0:24. In the second, 0v D 0:16 with release
point at xv0 D ¡3:33 and yv0 D 0:19. With these coordinates and
values of the vortex strength, in addition to the numerical values

a) ¡v = ¡0:15

b) ¡v = 0:16

Fig. 2 Effect of hg on the temporal variation of Cl, NACA 0012, and
® = 0: ——, hg ! 1; ¤, hg = 1.0; and - - - -, hg = 0.5.

of hv obtained from the simulations, Eqs. (25) furnish K D ¡0:63
and Ka D ¡0:63 for 0v D ¡0:15 and K D 1:23 and Ka D 0:84 for
0v D 0:16. It is clear that the case where the vortex rotates in the
clockwise direction corresponds to the strongest interaction case.

We begin by considering the effect of the � ow on the airfoil.
Figures 2 and 3 present the temporal variation of the lift and pitch-
ing moment coef� cients, respectively, on a NACA 0012 airfoil set
at zero angle of attack, for 0 D ¡0.15 and 0 D 0.16, having the
chord-to-wallclearance ratio as a parameter. In Fig. 2a, the Cl curve
with the highest values correspondsto the pure AVI � ow (hg ! 1/

and shows a history that matches the results obtained by Fonseca
et al.25 In this case, the lift coef� cient is positive when the vortex
is far upstream of the leading edge, and it increases as the vortex
approaches the airfoil, reaching a maximum value near the leading
edge. On the other hand, the pitching moment coef� cient about the
leading edge is negative and decreases with time, reaching a min-
imum near the leading edge (Fig. 3a). As the vortex moves above
the airfoil, the lift coef� cient goes down and reaches a minimum by
the trailing-edge region, whereas the pitching moment coef� cient
increases and reaches a maximum, as discussed earlier for the AVI
� ow. For 0 D 0.16, the direction of the vortex rotation is reversed.
As shown in Figs. 2b and 3b, the temporal variation of Cl and Cm

for hg ! 1 changes sign and presents a stronger Cl variation than
the earlier case near the trailing edge, which is a consequenceof the
stronger interaction between the vortex, the airfoil, and the wake.
(K and Ka are higher in this case.) As hg decreases, the suction
effect due to the presence of the wall moves the Cl curve down and
the Cm curve up for the 0v D ¡0.15 (Ka D ¡0:63/ case. These re-
sults show that, for this value of 0v , the suction effect dominates.
However, when 0v D 0:16 (Ka D 0:84/, the interaction is stronger,
and despite the qualitative similarity of the � ows with and without
the ground plane nearby, the presence of the wall in this case pro-
motes competition among the lifting effect caused by the nonlinear

a)

b)

Fig. 3 Effect of hg on the temporal variation of Cm, NACA 0012, and
® = 0: a) ¡v = ¡0:15: ——, hg = 0.5; ¤, hg = 1; and , hg ! 1 and
b) ¡v = 0:16: , hg ! 1; ¤, hg = 1; and - - - -, hg = 0.5.
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vortex trajectory and the suction effects originating from the airfoil
thickness and clearance to the wall, having the nonlinear wake in-
teraction in the background. Because of the stronger vortex-wake
interaction, the total effect is that Cl and Cm do not increase or
decrease monotonically with hg . As the results attest, reducing the
value of hg causes the Cl curve on the airfoil to move up (and the
Cm curve to move down) when hg D 1.0. For hg D 0.5, the suction
effect dominates again, and the Cl values are lower than its values
without the wall, whereas the Cm values are higher.These results for
the airfoil loading history shows the interesting nonlinear behavior
of the AVIG � ow due to the nonlinear vortex trajectory and wake
interaction effects, as well as the competition between the vortex
lifting and ground suction effects. The intensity of the interaction,
quanti� ed by Ka , and the vortex direction of rotation have a direct
in� uence on the � ow evolution.To isolate the effect of the angle of
attack, Fig. 4 presents results for a NACA 0012 airfoil set at two
different values of ®, for 0v D ¡0.15 and hg D 0.5. As can be seen,
Fig. 4 shows that an increase in the airfoil’s angle of attack to 1
and 5 deg causes an increase in the variation of the absolute values
of the lift and pitching moment coef� cients with time, as shown in
Figs. 4a and 4b, respectively.

We now turn our attention to the effect that the AVI-ground plane
interaction has on the ground pressure distribution.Figure 5 shows
the pressure coef� cient as a function of the x distance along the
ground for the same NACA 0012 airfoil set at zero incidence inter-
acting with the counterclockwiserotating vortex (0v D ¡0.15). The

a) Lift coef� cient

b) Pitching moment coef� cient

Fig. 4 Effect of ® on the temporal variation of Cl and Cm , ¡v = ¡0.15,
NACA 0012, and hg = 0.5.

a)

b)

Fig. 5 Pressure coef� cient distribution on the ground, NACA 0012,
¡v = ¡0.15, and ® = 0: a) effect of hg, xv = ¡1.0: - - - -, hg = 2.0; – – –,
hg = 1.0; and ——, hg = 0.5 and b) effect of the vortex position, hg = 1:
- - - -, xv = ¡1.0; – – – , xv = 0; ——, xv = 1.0; and , xv = 2.0.

effect of the chord-to-wall clearance ratio on the ground when the
vortex is at the position xv D ¡1.0, shown in Fig. 5a, is to create two
suction peaks, one due to the main vortex and the other due to the
airfoil. Whereas the main vortex contributes to accelerate the � ow
underneath it, the airfoil also accelerates the � ow underneath it be-
cause of its thickness,decreasing the pressure in both cases. For the
values used in the computations,the vortex effect is greater than the
airfoil thickness effect, as clearly shown for hg D 0.5. These peaks
merge and decreasetheir values for the largervaluesof hg . Also note
from Fig. 5b the evolutionof the suction peaks, as the vortex moves
past the airfoil and the chord-to-wallclearanceratio is kept constant
and equal to hg D 1.0. When the vortex is above the airfoil, both
suction peaks add up to form a very large negative peak. The ad-
verse pressure gradientdownstreamof the peak is likely to produce
separationon the ground,with the generationof a secondaryvortex
that would complicate the real � ow even more. As the vortex gets
past the airfoil, the vortex and the airfoil suction peaks can again be
distinguished.When the vortex directionof rotation is reversed, the
opposite trends are observed (Fig. 6). Because the vortex rotates in
the clockwisedirection,the velocityit induces is subtractedfrom the
remainingof the � ow, which deceleratesthe total � ow and increases
the pressureon the ground.This is the reasonwhy Fig. 6a shows � rst
a large positivepeak on the ground right underneaththe vortex (near
the leading edge), followed by a negative peak due to the airfoil’s
suction effect. These peaks increase as the airfoil is brought closer
to the ground. Snapshots of the temporal evolution of the pressure
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a)

b)

Fig. 6 Pressure coef� cient distribution on the ground, NACA 0012,
¡v = 0.16, and ® = 0: a) effect of hg, xv = ¡1.0: - - - -, hg = 2.0; – – –,
hg = 1.0; and ——, hg = 0.5 and b) effect of the vortex position, hg = 1.0:
- - - -, xv = ¡1.0; – – – , xv = 0; ——, xv = 1.0; and , xv = 2.0.

coef� cient as the vortex moves past the airfoil (Fig. 6b) show that
the positive peak due to the vortex dominates and moves with the
vortex,becausethevortexeffect in ourcomputationsis strongerthan
the airfoil’s suction effect. These results for the pressure coef� cient
distribution on the ground enlighten us for the possible occurrence
of � ow separation,which would strongly affect the � ow as a whole.

Finally, the wake development and its interaction with the main
vortex can be seen in Fig. 7 with and without the ground effect, at
t D 6, for both directions of the vortex strength. We clearly see that
the counterclockwise rotating vortex induces a downward motion
on the wake upstream of the vortex and an upward motion down-
stream of the vortex. In addition, the effect of the ground plane is
to bring the wake closer to the ground because of the low pressure
in this region, as indicated by the large suction peak on the wall
created by the vortex (Fig. 5). The clockwise rotating vortex, on the
other hand, induces an upward wake motion upstreamof the vortex,
which lifts up the wake vortices and causes a very strong interaction
in a region of high pressure, as it can be seen from the ground plane
pressure distribution (Fig. 6b). As Fig. 7 shows, the vortex effect
is more important than the ground effect on the wake development
because the wake con� guration changes only slightly for hg D 0.5
and hg D 10. With the airfoil set at a 5-deg angle of attack in ground
effect, the airfoil lift is positive (Fig. 4), and its circulation is clock-
wise, which induces a downward motion on the wake (Fig. 8) close
to the trailingedgeof the airfoil.Note also that, becausethe airfoil is
rotated by its leading edge when set at a positive angle of attack, the
airfoil’s trailing edge moves downward, changing the release point
of the wake vortices. Both effects contribute to weaken the vortex-
wake interactionand to smooth out the wake trajectory,as shown in
Fig. 8a, at t D 6. Figure 8b shows essentially the same effects on the

a)

b)

Fig. 7 In� uence of the ground on the wake, t = 6 and ® = 0 deg:
a) ¡v = ¡0.15: ¤, hg = 0.5 and s , hg = 10 and b) ¡v = 0.16.

a)

b)

Fig. 8 In� uence of the angle of attack on the AVIG � ow, t = 6, and
hg = 0.5: a) ¡v = ¡0.15: ¤, ® = 0 deg and s , ® = 5 deg and b) ¡v = 0.16.

wake con� guration for the clockwise rotating vortex, at time t D 6,
because the airfoil circulationand the new release point of the wake
vortices cause the wake to be lower than the 0-deg angle-of-attack
wake. As a consequence,the vortex–wake interactiondecreasesand
smoothes out the peak of the lifted portion of the wake trajectory.
Clearlyour vorticitysheddingmechanismwith a discretevortexrep-
resentation of the wake is responsible for capturing the nonlinear
effect between the vortex and the wake, mainly when the interac-
tion is strong. These results point out the importance of modeling
correctly the shedding of vorticity in a real � ow.

Conclusions
A numerical inviscid vortex model is used to predict the aero-

dynamics of a two-dimensional AVI in the presence of a ground
plane. The model employs a panel method with a linear piecewise-
continuousvorticitydistribution to calculate the airfoil contribution
to the potential � ow and a point vortex to model the main vortex
that interacts with the airfoil. An unsteady Kutta condition is im-
plemented to generate point vortices in the wake, and the ground
effect is taken into accountby the methodof images.The convective
motion of each vortex is calculatedusing a time-marching scheme.
After code validation tests, the results show important features of
the interaction among the airfoil, the vortex, and the ground plane,
and the following conclusions can be drawn.

1) The airfoil in ground effect suffers a strong temporal variation
of its loadingas the vortex moves past the airfoil from far upstream.
The distance between the airfoil and the vortex, the direction of
the vortex rotation, the value of the vortex strength, and the chord-
to-wall clearance ratio are extremely important in determining the
degree of interaction.
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2) The airfoil thickness and chord-to-wall clearance ratio effects
add up to generate suction beneath the airfoil and to decrease the
lift coef� cient, whereas a positive airfoil angle of attack increases
its lift coef� cient. The competition among these effects determines
the loading on the airfoil.

3) The vortex induces a time-dependent local angle of attack on
the airfoil that adds up to the airfoil geometric angle of attack and
generates a time-varying lift effect, whereas the airfoil thickness
and ground effect cause suction. Competition among these effects
is established during the motion.

4) The ground is subject to a strong pressurevariation,depending
on the strength and direction of vortex rotation and its proximity
to the vortex and the airfoil. The occurrence of adverse pressure
gradient may cause separation on the ground.

5) The ground effect and the airfoil angle of attack affect strongly
the trajectory of the wake vortices and its nonlinear interactionwith
the main vortex, which has a de� nite effect on the temporal wake
evolution and the � ow as a whole.

Our model, although simple, is able to model all of the main
inviscid features that take place in the AVI in the presence of a
ground plane. To predict the possible occurrenceof � ow separation
on the airfoil surface and on the ground plane, it is necessary to
model viscous effects. This comprises the next step in the modeling
of such a complex � ow.
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